New methods enabling the production of custom-tailored Gradient Index (GRIN) optical components brings the next challenge to the lens manufacturers. Simultaneously, for testing these optics, metrology has to evolve to accommodate new optics. In this paper, we describe how Experimental Ray Tracing (ERT) can be used to test GRIN optics produced using additive manufacturing. To evaluate this technique, we compare the results to those obtained using Phase Shifting Diffraction Interferometry (PSDI).
INTRODUCTION
Gradient Index (GRIN) optics with customizable index profiles may provide new challenges in optics metrology. During the development of spherical, aspherical and freeform lenses, a lens fabricator only varies the values within one property of the lens by changing the optic's surface figure. In contrast to that, with GRIN lenses, the lens property itself influencing the optical performance can also be switched from the shape of the lens surface to the refractive index profile of the lens material. Emerging techniques, such as 3d printing of glass, make possible the manufacture of new types of optics containing arbitrary gradients in material properties like refractive index [1] [2] [3] [4] . This development comes with a number of new challenges covering all sections of the production chain from design over manufacturing to quality control.
As described above, GRIN lenses achieve their optical performance by a change of the refractive index in the lens material. Therefore, the surface of the lens can be completely flat, while the lens still has an optical power. This can save space and weight in environments for which these properties are critical 1 . Especially in the combination with other lenses, GRIN lenses have advantages since they can easily be combined due to their flat surfaces. With common lenses, the surface curvatures have to be considered for the design of the lens system. Although, new methods being developed for customizable GRIN optic production may open new applications, the production is quite challenging. One approach to producing such tailored GRIN lenses is to use an additive manufacturing technique called direct ink writing, while varying the composition of the inks during the printing process. Researchers at the Lawrence Livermore National Laboratory in Livermore, CA, USA use Silica (SiO2) and Silica-Titania (SiO2-TiO2) as inks for the printing of GRIN lenses [1] [2] [3] [4] . While printing the lens in a spiral, the ratio of the two inks is changed as shown in Figure 1 . Printing GRIN lenses in this way leads to a focusing effect. Changing the ink composition, the path, or the ratio of the inks can also create other optical characteristics. Although, this production method opens a huge variety of optical performances, many challenges remain. One of these problems is the dryout and consolidation of the lenses after printing. This process has to be particularly well controlled to avoid cracks developing within the material.
Another challenge is in understanding how well the deposited composition profile, which leads to change in refractive index, matches with the intended optical performance after polishing to a particular surface figure. This creates a need of new measurement techniques for that can handle structures with arbitrary refractive index profile. So far, lenses have mostly been tested by surface measurement techniques. However, these measurement techniques reach their limits when the optical performance is no longer strictly generated by the surface. Therefore, in this paper we present and compare two measurement techniques for GRIN lenses.
Terminology
To assure that all given information is clearly assignable, some terms and symbols are defined in this chapter with 2D examples given in Figure 2 .
The absolute value of the refractive index is commonly known as . In this paper, this terminology is adopted. However, one has to keep in mind that this value = ( ), with = ( , ) is not a constant for the whole lens anymore, but a function : ℝ 2 → ℝ of the position on the lens.
Since the absolute value of the refractive index can't be measured directly with the methods shown in this paper, the refractive index Δ ( ) = ( ) −̃ is defined as the refractive index change relative to an offset ̃. This offset can, for example, be defined as the average value of .
Additionally, the first derivatives ( ) = Δ ( ) and ( ) = Δ ( ) of the refractive index change are defined as the refractive index slope in -and -direction. Thereby, the magnitude of the change of the refractive index at a certain position is defined. 
Phase Shift Diffraction Interferometry
Phase Shift Diffraction Interferometry (PSDI) is a measurement technique developed by researchers at the Lawrence Livermore National Laboratory. Since this technique has already been published [5] [6] [7] it is only described basically in this paper.
PSDI is based on two independent wavefronts that are generated from a laser using a beamsplitter. These wavefronts are reflected by two retro reflectors, one mounted on a long travel stage, the other mounted on a piezo-electric stage. After being reflected, the wavefronts are separately coupled into mono mode fibers. Each of the fibers ends works as a diffraction aperture for the propagating beam, creating an almost perfectly spherical wavefront. The end of the fibers can freely be positioned in the measurement system, so that one of the emitted wavefronts propagates through the device under test (DUT), while the other wavefront serves as a reference. Getting these wavefronts combined on a CCD camera, the wavefronts interfere and give information about their optical path differences. By moving the piezo-electric stage in sub wavelength steps, a phase shift is achieved and detected in the interference pattern. With this phase shift, the phase difference of the wavefronts can be retrieved on the CCD camera.
Using suitable propagation algorithms, the phase ( ) at the DUT can be determined by propagating the wave back to the position of the DUT. To get information about the inner structure of the DUT, it is assumed that the phase differences between the two wavefronts are caused by differences in the refractive index of the DUT and therewith in the optical path of the light propagation. Hence, knowing the thickness of the DUT, the refractive index change
can be retrieved.
Experimental Ray Tracing
Häusler et al. have firstly introduced experimental Ray Tracing (ERT) in 1988 8 . Meanwhile, this technique has been implemented in numerous variations and has proven its remarkable abilities [9] [10] [11] [12] [13] [14] . The basic idea of this technique is to introduce a ray at a known position into the DUT. After the DUT deflects the ray, its direction is measured by determine its position on two parallel planes that are orthogonal to , as shown in Figure 3 . By measuring the difference between the points 1 and and normalizing these differences on the distance between the two parallel planes, the ray slopes and as
can be determined. These ray directions can give direct information about the local optical function of the DUT, where the ray has be deflected. Since the position where the incident ray is introduced into the DUT is known, this local optical function can be mapped directly to a position on the DUT.
In an experiment, the DUT is investigated at discrete positions
where = ( ⋅ Δ ) − with 0 < < is the position on the DUT in -direction and = ( ⋅ Δ ) − with 0 < < is the position on the DUT in -direction and is the aperture radius.
This also leads to the discrete ray slopes = ( ) and = ( ).
METHODOLOGY

Evaluation of the local powermap
The local powermap is a map that shows the optical power of a DUT in very small local areas. The DUT is investigated at discrete positions as indicated in Figure 4 . For the evaluation, the full aperture is divided in subapertures. Each subaperture encircles four measured positions. For each of these subapertures the optical power
where
) defines the position in the center of the four points in the subaperture where the local optical power is mapped to is calculated from the measured ray slopes 15 . If a subaperture does not include four points, no local optical power is calculated and this subaperture is neglected. With this powermap, the homogeneity of the optical component can be checked and the expected optical power verified.
Evaluation of the refractive index change
In contrast to the local powermap, the evaluation of the refractive index change checks if the expected modification of the refractive index is achieved. Therefore, some assumptions have to be made. First of all, the ray is assumed to be a collimated beam with a certain diameter = 2 − 1 as shown in Figure 5 . Further, we assume that the refractive index slope is constant over the diameter of the beam. Finally, we assume that the direction of the beam within the lens is not changed. For better readability, the following equations are only shown for 2D as presented in Figure 5 . 
where is the thickness of the lens of the edge rays according to the refractive indexes 1 and 2 at the edges can be calculated 16 . Hence, the optical path difference can been determined as ̃= 2 − 1 = ( 2 − 1 ) ⋅ . From trigonometry and Equation (2) this can be extended to the relations ̃= tan( ) = = ( 2 − 1 ) ⋅ .
As mentioned before, it is assumed that the refractive index slope is constant over the diameter of the beam. Therewith, the refractive index slope = = 2 − 1 2 − 1 = ( 2 − 1 ) is equal to the index change over the beam diameter .
With this and Equation (6) 
for the -and -direction. With these equations, one can determine the local refractive index slopes
of the GRIN lens from the discrete ray slopes and directly. Using a numerical integration method, the refractive index change = Δ ( ) can be reconstructed from the measured refractive index slope data and .
EXPERIMENTAL MEASUREMENTS
The experimental measurements relating the PSDI have been performed at the Lawrence Livermore National Laboratory, CA, USA. A sketch of the setup can be found in the according references [5] [6] [7] .
The experimental measurements using ERT have been performed at the University of Applied Sciences Bremen, Germany. Therefore, the measurement method described in Chapter 1.3 has been implemented using positioning stages and a CMOS camera, as shown in Figure 6 . Figure 6 . Photo of the setup for the experimental measurement using ERT.
In this setup, a narrow laser beam, with a diameter of approximately 100 µm represents the incident ray. The positioning of this beam to the desired positions is achieved by moving the end of a fiber, equipped with a fiber collimator, using a precision -positioning stage. After being deflected by the DUT, the beam hits the bare camera chip of a CMOS camera.
DUT -positioning stage camera -positioning stage
Using a centroid calculation algorithm 18 , the position of the beam is determined. To achieve the measurement of the beam position in two parallel planes, the camera is moved in -direction using a precision linear stage.
For the measurements, two different samples manufactured by the Lawrence Livermore National Laboratory are used. Sample 1 has a high PV-value of , but has developed cracks during the drying process, which bring additional challenges to the measurement. Sample 2 has a small PV-value of , but has a good quality in terms of transparency. Both samples have a thickness of approximately = 1 mm and a clear aperture radius of approximately 10 mm. However, the measurements have been performed over an aperture = 6 mm.
RESULTS
Phase Shift Diffraction Interferometry
As described above, the Phase Shift Diffraction Interferometry gets its information from the fringe patters generated by the overlay of two independent wavefronts. Therewith, diffracting areas on the DUT can create blind spots on the determined -values. However, the results, shown in Figure 7 give a good feedback about the change of the refractive index. The structure of the printing spiral is visible in both samples. a) b) Figure 7 . Diagrams of the results from the measurements of a) sample 1 and b) sample 2 using PSDI.
The measurement and evaluation time for these samples is within a few minutes giving the results shown above.
Experimental Ray Tracing
The measurements using ERT have been performed over an aperture of 6 mm with a step width of Δx = Δy = 20 µm. This leads to a high number of measurement points and therewith to a measurement time of approximately 45 minutes. Performing the evaluation of the refractive index change, the results shown in Figure 8 have been determined.
Comparing these results with the results of PSDI shown in Figure 7 , one can see good agreement for sample 2. The structure of the printing spiral can be seen clearly. In contrast to that, the results of sample 1 do show significant differences. Although, the overall structure of a higher refractive index in the center compared to the edges can be seen clearly, the spiral structure cannot be noticed. Also, the magnitude of the reconstructed refractive index change is much higher compared to the measurement with PSDI. One explanation for these differences can be, that the cracks in the DUT lead to an excessively high deflection of the beam in these areas and therewith to an excessively high detected refractive index slope. Integrating these flawed data, the refractive index change exceeds very high values.
Regarding Figure 9 , one can see that this problem does not occur in the optical powermap evaluation. As described in Chapter 2.1, this evaluation only considers small subapertures. Hence, sample points with excessively high deflections of the beam do not influence other subapertures than the ones they are considered in. This leads to some areas with extremely high or low optical power, which are cropped due to a better contrast of the areas around the crack as shown in Figure 9 a). However, the results show the inner structure of the GRIN lens with a lot of details. In Figure 9 b) the optical power To see even more details, a high resolution measurement has been performed on a smaller subaperture of this sample with the results shown in Figure 9 c). In these results one can see, that the lines within the printing spiral structure partially consists of two narrow lines, generated by the high slope of the refractive index change at the edges of the printing path.
CONCLUSION
In this paper we have presented two measurement techniques for the characterization of Gradient Index (GRIN) lenses prepared by direct ink writing. The first measurement technique is Phase shift diffraction Interferometry (PSDI) and the second technique is Experimental Ray Tracing (ERT).
As the measurement results show, both measurement techniques are able to retrieve detailed information about the change of the refractive index inside the two GRIN lens samples. Within the production process, the GRIN lenses are printed in a spiral structure. Since the dry out of the lenses leads to a slight change of the refractive index within the printed path, these structures can be seen in the results of both measurement techniques.
During the experimental measurements, ERT has shown that it is capable of measuring very high local details in terms of the optical power, like a loss of optical power due to a possible interruption in the printing process. In addition, ERT does not show problems with cracks in the evaluation of the local powermap, even if these cracks separate certain areas of the lens from each other, since it doesn't need a connected wavefront over the aperture of the lens. In contrast to that, ERT shows a vulnerability to cracks regarding the evaluation as the measurement data for the sample points at the cracks seem to disrupt the integration process. PSDI shows fewer problems with these cracked areas and retrieves detailed information about the refractive index change outside the cracks.
In conclusion, that both measurement techniques show good performance in the measurement of inner structures of printed GRIN lens. Although, both techniques have unique advantages in their individual fields of use. PSDI measures the whole aperture at once. Therefore, good information can be collected about the overall data in a very short time. ERT measures a very small local area of the size of the incident beam at once. Thus, this measurement technique can give very detailed local information about the structure in the GRIN lens as shown in the local powermap results. However, the measurement needs more time, since all sample points are measured individually.
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